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Abstract
The presence of gravity generalizes the notion of scale invariance to Weyl invariance, namely,
invariance under local rescalings of the metric. In this work, we have computed the Weyl
anomaly for various classically scale or Weyl invariant theories, making particular emphasis
on the differences that arise when gravity is taken as a dynamical fluctuation instead of as a
non-dynamical background field. We find that the value of the anomaly for the Weyl invariant
coupling of scalar fields to gravity is sensitive to the dynamical character of the gravitational
field, even when computed in constant curvature backgrounds. We also discuss to what extent
those effects are potentially observable.
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1 Introduction
It is a recurrent and quite natural idea in particle physics that at very short distances,
corresponding to very high energies, masses must be unimportant and some sort of scale
invariance should be restored. However, this intuitive notion is somewhat disreputed
by the need of introducing an energy scale in order to regularize the theory. There
are however, finite theories at the quantum level, where finiteness is achieved owing to
cancellations between fermionic and bosonic degrees of freedom, owing to the presence of
at least eight supersymmetric conserved charges. The physical situation is then somewhat
moot, because in order to prove finiteness, it is still necessary to regularize first, and this
introduce an external scale. It is not clear whether conformal invariance can survive this.
When applied to theories in curved spacetimes, this scale or conformal invariance is
upgraded to the so called Weyl invariance, which amounts to the invariance of the theory
under local rescalings of the metric tensor
gµνpxq Ñ Ω2pxq gµνpxq. (1)
In the presence of gravity, two natural questions arise. The first one is whether a non-
gravitational conformal invariant theory can always be coupled to gravity in a Weyl in-
variant way (see [1, 2, 3, 4] and references therein). This can be achieved by a minimal
coupling to gravity in the case of gauge and fermionic fields. For scalar fields, the re-
quirement of Weyl invariance necessitates a non minimal coupling to gravity. The second
question is whether conformal and Weyl invariances are equivalent for gravity itself. In
order for this comparison to be sensible, a linearized version of Weyl invariance must be
taken. This situation has been analyzed in [4], where the weak field expansion of theories
linear and quadratic in the curvature were considered, concluding that Weyl invariance
is more restrictive than conformal invariance at that order. In fact, any spin 2 free field
theory is conformal invariant up to quadratic order in the fluctuations.
Local Weyl invariant theories of gravity are quite restrictive. This can actually be
understood from the fact that the only algebraic combination of the Riemann tensor and
the metric tensor such that
W µ νρσpΩ2pxqgαβq “ W µ νρσpgαβq, (2)
is the Weyl tensor [5, 6], named after his discoverer. In this context, quadratic theories
seem to be particularly interesing, since the ones based upon this tensor are the only
theories which are Weyl and diffeomorphism invariant at the same time. It is actually
known that quadratic (in the Riemann tensor) lagrangians are perturbatively renormaliz-
able [7], and their main drawback, namely the lack of unitarity, seems to be improved in
the first order approach (even though the final outcome is not clear yet, cf [8, 9]). On the
other hand, if the requiremente of diffeomorfism invariance is relaxed to invariance under
the transverse subgroup (i.e. transverse diffeomorphism (TDiff) invariance), gravitational
theories seem to have more room for Weyl invariance, with the posibility of constructing
WTDiff invariant theories of gravity that are linear in the curvature [10].
It is also interesting to consider the case in which the Weyl symmetry is restricted to
a global (rigid) symmetry, that is
BµΩ “ 0. (3)
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The main point is that, whereas full Weyl invariance is enormously restrictive, its global
counterpart is much less so. Nevertheless, it must be remarked that the global Weyl
symmetry is enough to prevent the appearance of a cosmological constant term, as the
volume operator
V ”
ż a
|g|dnx ”
ż
dpvolq (4)
is not invariant. It is clear, however, that both this operator and its coefficient are
divergent and need to be regularized in an appropriate manner. At this point, there is
one more possibility, which is to gauge the rigid Weyl symmetry
gµν Ñ Ω2gµν , (5)
where now BµΩ “ 0 in the usual way1. We denote Wµ the corresponding such abelian
gauge field, and assume that under a Weyl transformation
Wµ Ñ Ω´1BµΩ`Wµ. (6)
This procedure [11] leads to another possible way of constructing Weyl invariant theories
as we shall analyze in this work.
Given this background, we are interested in the consequences of the above symmetries
at the quantum level, that is, the analysis of the corresponding Ward identities associated
to these symmetries. Shortly after gauge anomalies (associated with inconsistencies of
chiral fermionic theories in the presence of a background, non-dynamical gauge field)
were first discovered, Gross and Jackiw [12] underwent the study of the effects of the
presence of a dynamical gauge field. They found that theories that were suspected to be
renormalizable owing to gauge invariance, lost this property precisely because this gauge
invariance was broken by the anomaly. With this in mind, we would like to examine the
effects of a dynamical gravitational field on theories that suffer from a conformal anomaly.
The situation here is different, because gravitational theories are not renormalizable to
begin with (cf. for example the review [13]); but Ward identities still do depend on
whether gravitation is dynamical or not, and we would like to examine precisely in what
sense.
The particle nature of the gravitational interaction lies in the existence of a spin
2 particle mediating the interaction, first introduced by Fierz and Pauli in [14]. This
picture is consistent with General Relativity when an interacting theory for the gravitons
is constructed in a consistent way, but it is not the only option. On a different note,
the entropic origin of the gravitational interaction, first introduced by Jacobson [15] and
recently popularized by Padmanabhan and Verlinde [16, 17], may give an alternative
explanation which is compatible with Einstein’s equation. Verlinde’s emergent gravity
[18], moreover tries to account for the excess gravity as it leads to modifications of gravity
at scales set by the Hubble scale. However, recent tests on galaxy clusters seem to favour
general relativity together with cold dark matter assumptions over emergent gravity [19].
The aim of this work is to study the fate of Weyl Ward’s identities upon quantum cor-
rections; that is, we determine whether they can be preserved upon quantum corrections,
or else they develop anomalous terms [20, 21]. Besides, these anomalous terms depend
1As a historical note, this is precisely how gauge fields were first discovered by Weyl himself in 1919
[6].
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on whether the gravitational field is dynamical or not; that is, at a technical level, on
whether we are integrating over the metric tensor in the path integral. We shall exam-
ine both local and global Weyl invariant models and compare their respective anomalies.
We emphasize that this is not a merely academic exercise, since this approach can give
an alternative effect that is sensitive to the nature of the gravitational field. This could
provide a handle on trying to confirm the existence of the graviton, which seems elusive
from the point of view of the detection of some kind of gravitational Compton effect,
even after the discovery of gravitational waves. We comment on various cases where this
discrepancy between the particle and entropic pictures could be relevant.
The structure of this paper is as follows. Section 2 is devoted to a review of Weyl
invariant theories. In section 3 we explore the quantum consequences of the conformal
symmetry and the corresponding Ward identites are analyzed. Sections 4 and 5 explore
the one loop corrections for different theories in the cases of non-dynamical gravity and
dynamical gravity. Finally, we leave some conclusions for section 6.
Throughout this work we follow the Landau-Lifshitz spacelike conventions, in partic-
ular
Rµνρσ “ BρΓµνσ ´ BσΓµνρ ` ΓµλρΓλνσ ´ ΓµλσΓλνρ . (7)
The Ricci tensor takes the form
Rµν ” Rλµλν , (8)
and with these conventions, the commutator yields
r∇µ,∇νsV αβ “ RαρµνV ρβ ´RρβµνV αρ . (9)
2 Weyl invariant theories
As mentioned previously, we want to analyze the quantum fate of conformal invariance.
Before doing that let us summarize some of the Weyl invariant theories that can be
constructed, as conformal couplings of matter to gravity and with gravity itself.
Before going into the particular theories, let us mention some generalities about Weyl
invariance. The set of all Weyl transformations forms an invariant abelian subalgebra of
the joint algebra of Diffeomorphisms and Weyl transformations. This means that it is
an ideal in the algebraic sense. Acting on the spacetime metric with a diffeomorphism
generated by the vector ξ ” ξλBλ, the metric variation yields
δξgµν “ Tξgµν “ £ξgµν (10)
On the other hand, the generators of Weyl transformations with scaling Ω ” 1 ` ω are
defined as
δωgµν ” Hωgµν “ ωpxqgµν (11)
Then, the full algebra reads
rTξ1 , Tξ2s “ Trξ1,ξ2s
rHω1, Hω2s “ 0
rTξ, Hωs “ Hξpωq (12)
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In case the manifold has Killing vectors (KV), that is diffeomorphisms generated by
vectors ka (the index a labels the different KV) such that,
£kagµν “ 0 (13)
this vectors form a subalgebra by themselves. Namely,
rka, kbs “ Ccabkc (14)
so that
rTka , Hws “ Hkpωq (15)
There exist a special type of Killing vectors, the Conformal Killing vectors (CKV), which
obey
Tcgµν “ fpxqgµν (16)
These vectors do not generate a subalgebra, but rather
rTc1 , Tc2s “ Hc1pf2q ´Hc2pf1q (17)
and obviously
rTc, Hωs “ Hcpωq (18)
It is important to note that neither KV nor CKV are generic structures of spacetime;
they only appear in spacetimes with special symmetry.
2.1 Weyl gauging
Once it is realized that there is a global (rigid) version of Weyl invariance; there is no
question that this global symmetry can be promoted to a local one by the standard
construction of Yang-Mills by introducing a gauge field associated to this symmetry which
transforms as
Wµ Ñ Ω´1BµΩ`Wµ. (19)
There is another interesting construction which involves the following combination of
the Ricci tensor and the Ricci scalar called the Schouten tensor
Kµν ” 1
n´ 2
ˆ
Rµν ´ 1
2pn´ 1q Rgµν
˙
(20)
whose trace reads
K ” gµνKµν “ 1
2pn ´ 1qR (21)
Under a local Weyl rescaling this tensor transforms as
Kµν Ñ Kµν ´
ˆ
∇µ∇νΩ
Ω
´ 2∇µΩ∇νΩ
Ω2
˙
´ 1
2
p∇Ωq2
Ω2
gµν (22)
On the other hand, one can see that the following combination dependent of the Weyl
gauge field [11],
ΩµνrW s “ ∇µWν `WµWν ´ 1
2
W 2 gµν (23)
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transforms in a similar way under the corresponding Weyl transformations
Ωµν Ñ Ωµν ` ∇µ∇νΩ
Ω
´ 2∇µΩ∇νΩ
Ω2
` 1
2
∇λΩ∇
λΩ
Ω2
gµν (24)
Therefore, it is straightforward to see that
Kµν ` Ωµν Ñ Kµν ` Ωµν (25)
is indeed Weyl invariant. The trace of the second tensor reads
Ω “ gµνΩµν “ ∇µW µ ´ n ´ 2
2
W 2 (26)
This leads to the conclusion that we can then replace the trace of Ω by the Ricci scalar
as
Ω “ ´K “ 1
2pn´ 1qR (27)
Ricci gauging [11] is possible when the gauged lagrangian depends on the gauge field
Wµ through Ωµν only. Then it is possible to trade all dependence on the gauge field for
a corresponding dependence on the Ricci tensor.
There are then several natural lagrangians which are at the same time diffeomorphism
as well as Weyl invariant. First of all, in n=4 dimensions
L1 “
a
|g| pKµν ` Ωµνq2 (28)
This is a quadratic theory, albeit different from the Weyl squared theory. On the other
hand, the trace of the Einstein tensor in two-dimensions just yields the Einstein-Hilbert
lagrangian, whose integral is proportional to the Euler characteristic in two-dimensions.
A second possible lagrangian (valid in any dimension) reads
L2 “ det
"
pKµν ` Ωµνq
*
(29)
This lagrangian is reminiscent of Eddington’s theory [22][23].
2.2 Weyl invariant coupling of fields
With this background one can construct the Weyl invariant coupling of the different spin
fields to gravity.
For the lowest spin field,we can construct a Weyl and diffeomorphism invariant action
with the procedure of Weyl gauging as
L “ 1
2
a
|g|
„
p∇µ ` dWµqφ
2
(30)
(where d is the conformal weight of the scalar field), that is
φÑ Ω´d φ (31)
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In n-dimensional space-time
d “ n´ 2
2
(32)
When coupled to the lagrangian of the gauge field Wµ, LW , this lagrangian describes a
theory similar to scalar electromagnetism, only that with real scalar fields. This is the
canonical example of Ricci gauging, because upon integration by parts the lagrangian can
be written as
L “ 1
2
a
|g|
"
´ φlφ´ d `∇µW µ ´ dW 2µ˘φ2* (33)
We had that
Ω “ ∇µW µ ´ n´ 2
2
W 2 (34)
In this case taking d “ n´2
2
the lagrangian can be Ricci gauged using Ω “ ´K so that
L “ 1
2
a
|g|
„
´ φlφ` n ´ 2
4pn´ 1qφ
2R

(35)
This action gives the usual non-minimal Weyl invariant coupling of a scalar field to gravity.
Another possibility for spin 0 fields, is the singlet scalar field Cpxq in four dimensions
[24], which does not transform under Weyl, with action
S “
ż
d4x
a
|g|
"
plCq2 ´ 2
ˆ
Rµν ´ 1
3
Rgµν
˙
BµCBνC
*
(36)
More generally, global Weyl invariance is shared by all actions of the form
S “
ż
d4x
a
|g|
"
plCq2 ` λ1RµνBµCBνC ` λ2R p∇Cq2
*
(37)
The lagrangian for spin 1/2 is Weyl and diffeomorphism invariant by itself when the
covariant derivative is defined through the spin connection [11]. It is important to notice,
however, that if one tries to include dynamical gravity coupled to fermions in a Weyl
invariant way, there is no possibility of doing it with terms linear in the curvature. A
non-minimal coupling of the type of the scalar field is not even possible as the conformal
weight of the easiest fermion bilinear pψψ¯qd does not match.The only way of having
dynamical gravity and fermions in a Weyl invariant setup would be to include quadratic
gravity theories that are globally Weyl invariant by themselves. In order to have a local
Weyl invariant theory with fermions, the only possibility would be to combine the non-
minimal scalar coupling to gravity together with the fermionic kinetic term.
Finally for spin 1, let us denote by Fαβ the gauge invariant field strength of the abelian
gauge field Wλ
Fαβ ” ∇αWβ ´∇βWα “ BαWβ ´ BβWα (38)
This field strength can be added to the matrix inside the determinant in L2 or else can
be included as an independent piece when considering fermions or else, the gauging of the
scalar field
Lw ” ´1
4
a
|g|F 2µν (39)
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3 Conformal invariance of the path integral: Ward
identities
Once different Weyl invariant actions have been analyzed, it is important to examine
the fate of the scale and Weyl invariance in the quantum theory. At the quantum level,
there is a fundamental difference between the global and the local case. In the former,
Ward identities are a straightforward generalization of Noether’s theorem as applied to
the path integral. In a gauge theory, however, the effective action is no longer gauge
invariant owing to the need for a gauge fixing. Ward identities are now a consequence of
the BRST symmetry of the effective action when ghosts are incorporated, and were first
derived by Slavnov and Taylor using more complicated arguments.
Independently from the local or global aspect of Weyl invariance, we are interested
in studying the fate of this symmetries at the quantum level. In order to illustrate our
point, let us start with what happens with scale symmetry in the simplest example in
four-dimensional flat spacetime. We take a theory for an scalar field given by
S “
ż
d4xL “
ż a
|g| d4x
ˆ
1
2
BµφBµφ´ 1
4!
φ4
˙
(40)
with the equation of motion (eom) given by
lφ` 1
6
φ3 “ 0 (41)
There are two symmetries that can be analyzed here. The standard assignment in flat
spacetime [25] (hereinafter conformal) leads to the usual scale invariance (invariance under
dilatations)
δφ “ λφ` λxµBµ φ
δBµφ “ 2λBµφ` λxνBν Bµφ
δxµ “ ´xµ
δgµν “ 0 (42)
The second (henceforth Weyl) assignment is given by the following transformations where
we leave the coordinates inert
δφ “ ´λφ
δgαβ “ 2λgαβ (43)
In spite of the name, these transformations are still global or rigid. Note that the Weyl
weight and the conformal weight get opposite values for the scalar field. Let us note that
this is not a real symmetry of the theory as such, as it involves the transformation of
the gravitational field, which is taken here just as background field; that is, this variation
relates two theories that are defined on different backgrounds.
The condition for the theory to be invariant reads
DSrgµν , φs ”
ˆ
´ δ
δφ
` 2gαβ δ
δgαβ
˙
Srgµν, φs “ 0 (44)
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One can also compute the Noether current associated to this scale invariance so that we
get
J
µ
N “ Bµφ pφ` xνBν φq ´ xµL “ φBµφ` xνT µν (45)
where
Tµν “ BµφBνφ´ Lηµν (46)
It is instructive to check conservation of the current. In fact, on-shell with (41)
BµJµN “ BµφBµφ` φlφ` T αα ` xνBµT µν “ 0 (47)
We see that the Noether current is conserved at the classical level, but we want to study
what happen when quantum corrections are included. In order to analyze this, we can
compute the Ward identities corresponding to scale invariance in four-dimensional flat
spacetime In terms of the effective action, Γpφ¯q, and the mean field, φ¯ ” δW rJs
δJpxq
,ż
d4x
"
BµpJµNpφ¯q ` xνT µνpφ¯qq `
`
φ¯pxq ` xνBνφ¯pxq
˘ δ
δφ¯pxq
*
Γrφ¯s “ 0 (48)
If the Ward identity turns out to be broken, we have an anomaly in the conservation of
the scale current.
Let us turn to what we denoted as the Weyl assignment. One can see that under such
a local Weyl transformation the variation of the action yields
δS “
ż
d4xpn ´ 4qλpxqL`
ż
dpvolqφ BµλBµφ (49)
The Noether current, which is covariantly conserved on shell, reads
J
µ
N “ gµνφBνφ (50)
Indeed, on-shell with (41)
∇µJ
µ
N “ pBµφBµφ` φlφq “ 0 (51)
We are still treating gravity as a background field so that the metric does not transform.
Therefore, the Ward identities would just depend on the variations with respect to the
scalar field ż
d4x
ˆ
∇¯µJ
µ
Npφ¯q ` φ¯
δ
δφ¯
˙
Γrφ¯s “ 0 (52)
Finally, when gravity is dynamical but we are still considering rigid transformations,
any action of the type
S “
ż a
|g| d4x
ˆ
1
2
BµφgµνBµφ´ 1
4!
φ4 ` ξRφ2
˙
(53)
is invariant for any value of ξ, when we take the Weyl assignment for the transformations.
In this case, the Ward identities do involve the gravitational field. Introducing as usual
external sources Jpxq for the scalar field and Tαβpxq for the gravitational field, the Ward
identities pick a new term. In this case the effective action has to obey
´
ż
d4x
ˆ
´∇¯µJµN ´ φ¯
δ
δφ¯
` 2gαβ δ
δg¯αβ
˙
Γ
“
φ¯, g¯αβ
‰ “ 0 (54)
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When the coupling gets the critical value, ξ “ ξc “ n´28pn´1q the rigid Weyl symmetry is
promoted to a gauge symmetry [20]. Then we have the following Ward identity
DΓrg¯µν , φ¯is ”
˜ÿ
i
λi
δ
δφ¯i
` 2g¯αβ δ
δg¯αβ
¸
Γrg¯µν, φ¯is “ 0 (55)
When there is a violation of this identity,
DΓrg¯µν , φ¯is “ A ‰ 0 (56)
there is an anomaly in the conservation of the current
∇µJ
µ
N “ A (57)
There is another way of getting to the appearance of the conformal anomaly, in some
sense deeper, and which relates it precisely to the one-loop counterterm of this theories.
In the case of the standard scalar laplacian,
∆ ” ∇2 ” 1?
g
Bµ pgµν?gBνq (58)
the conformal weight coincides with its mass dimension, λ “ 2. The result of the path
integral to one loop order can be expresed as a determinant, which can be formally defined
through the product of its eigenvalues
detO ”
ź
n
λn (59)
via the zeta function
ζpsq ”
ÿ
n
λ´sn (60)
After a global Weyl transformation, the zeta function transforms asrζpsq “ Ω´λs ζpsq (61)
so that the determinant defined through the ζ-function scales with
det r∆ “ Ω´λζp0q det ∆ (62)
As the the one-loop effective action is related to the determinant of the given operator,
this translates into a scaling of the effective action. Simbolically,
rΓ “ Γ` 1
2
λ ω ζp0q. (63)
where we have linearized the conformal factor as
Ω ” 1` ω (64)
The energy-momentum tensor is defined in such a way that under a general variations of
the metric, the variation of the effective action reads
δΓ “ ´
ż
dpvolqTµν δgµν “
ż
dpvolq 2ω T. (65)
9
Conformal invariance in the above sense then means that the energy-momentum tensor
must be traceless. When quantum corrections are taken into account, it follows that
2
ż
dpvolqT “ 1
2
λ ζp0q. (66)
One can also see that in the heat kernel aproach the evaluation of the zeta function at
zero is related to the Schwinger-de Witt coefficients of the short time expansion of the
heat kernel
Kpτq ” tr e´τO ˇˇ
τÑ0
“ K0pτq
ÿ
j
ajτ
j (67)
through
ζp0q ” lim
sÑ0
s
ż 8
0
dτ τ s´1Kpτq “ lim
sÑ0
s
ż 1
0
dτ τ s´1Kpτq “ ad (68)
where d is the specific value of the spacetime dimension. The conformal anomaly is usually
then written as2
2
ż
dpvolqT “ 1
2
λad (69)
The Schwinger-DeWitt coefficient corresponding to a half of the physical dimension, d “
n
2
, precisely coincides with the divergent part of the effective action when computed in
dimensional regularization as indicated above. This means that in order to compute the
one loop conformal anomaly in many cases it is enough to compute the corresponding
counterterm.
When considering the Weyl assignment in the background field gauge we are led to
δΓ “
ż
dpvolqωD Γ ”
ż
dpvolq ω
˜
´2Tµν δg¯µν `
ÿ
i
λiφ¯i
δΓ
δφ¯i
¸
“
ÿ
i
λian{2pOiq (70)
leading to the corresponding anomalous Ward identity. The anomaly is then directly
proportional to the finite part of the one-loop counterterm, as for n “ 4,
Γ8 “ 1pn´ 4q
ż
d4x
a
|g¯| tr a2 px, xq (71)
In the next sections we investigate the effect of dynamical gravitation in the breaking of
this Ward identities by computing the one-loop counterterms for different theories.
4 Scalar field coupled to the Weyl gauge field
As a warm up, we consider the Weyl invariant action of the scalar field where we have
introduced the gauge field associated to Weyl invariance. In the spirit of [12], we are
interested in comparing the counterterm when the gauge field is just a background field,
and when the gauge field is a dynamical field. In this case, even if the anomaly changes,
there is no coupling of it to the gauge field so that the renormalizability of the theory
remains unchanged.
2The particular numerical factors appearing depend on the conventions of the transformations and
the heat kernel coefficients, although their not relevant for the discussion.
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The action we consider is the Weyl gauged action of the scalar field
S “
ż
d4x
a
|g¯|1
2
“`Bµ ` W¯µ˘φ‰2 (72)
The role of the gauge field associated to Weyl symmetry is to compensate the Weyl
transformation of the kinetic term of the scalar field. This is one step before the Ricci
gauging discussed in previous sections. In this way, this action provides an alternative
Weyl invariant coupling to the usual non minimal Weyl invariant coupling of the scalar
field to gravity (35), at the expense of introducing a new gauge field.
In order to see the Weyl anomaly of this theory, we need to compute the one-loop
counterter. For that purpose, we use the background field technique combined with the
heat kernel approach [26, 27]. In the first case, we expand the scalar field on its background
field and a perturbation, leaving gravity and the gauge field as background fields
φ “ φ¯` φ
Wµ “ W¯µ
gµν “ g¯µν (73)
The linear order of the expansion gives the equation of motion for the scalar field
δS
δφ
“ l¯φ¯` φ¯∇¯µW¯ µ ´ W¯ µW¯µφ¯ “ 0 (74)
In order to compute the one-loop counterterm, we need the quadratic piece of the action
that reads
S2 “ 1
2
ż
d4x
?
g¯φ
“´l¯ ´ ∇¯µW¯ µ ` W¯ µW¯µ‰ φ (75)
Once we have the quadratic operator, the counterterm can be computed using the usual
techniques so that the on-shell divergent part of the effective action yields
Γ8rg¯µν , φ¯, W¯µs “ 1
n´ 4
ż
dnx
a
|g¯| 1p4piq2
1
360
”
´ 1
φ¯
60R¯l¯φ¯` 1
φ¯2
180pl¯φ¯q2
`p5R¯2 ´ 2R¯2µν ` 2R¯2µνρσq
ı
(76)
The details of the computation are given in appendix A.1. This piece is indeed Weyl
invariant in n “ 4 dimensions. To be specific, under an infinitesimal Weyl transformation
we get
δΓ8rg¯µν, φ¯, W¯µs “ 1
n´ 4
ż
dnx
a
|g¯| 1p4piq2
1
360
pn ´ 4q
„
´60
φ¯
`
ωR¯l¯φ¯` R¯∇¯µω∇¯µφ¯´ 2l¯ωl¯φ¯
˘
` 180
φ¯2
`
ωpl¯φ¯q2 ` 2∇¯µω∇¯µφ¯l¯φ¯
˘` `2R2µνρσ ´ 2R2µν ` 5R2˘ω ` 18∇¯µR¯∇¯µω
(77)
With this, we can get the finite contribution to the anomaly
A “ 1
360
1
p4piq2
ż
d4x
„
60
∇¯µR¯∇¯
µφ¯
φ¯
´ 60R¯∇¯µφ¯∇¯
µφ¯
φ¯2
` 120l¯
2φ¯
φ¯
´ 300l¯φ¯l¯φ¯
φ¯2
´ 600∇¯µφ¯∇¯
µl¯φ¯
φ¯2
`960∇¯µφ¯∇¯
µφ¯l¯φ¯
φ¯3
` p2R2µνρσ ´ 2R2µν ` 5R2q ´ 18l¯R¯

(78)
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At first sight, it may seem that the result of the anomaly is not proportional to the one-
loop counterterm, in contradiction with the derivation of the conformal anomaly in the
previous section (69). However, one can see that we can rewrite the anomaly as
A “ 1
360
1
p4piq2
ż
d4x
”
´ 1
φ¯
60R¯l¯φ¯` 1
φ¯2
180pl¯φ¯q2 ` p5R¯2 ´ 2R¯2µν ` 2R¯2µνρσq ´ 18l¯R¯ `
´ 960∇¯λ
ˆ
∇¯λl¯φ¯
φ¯
˙
` 960l¯
ˆ
l¯φ¯
φ¯
˙ı
(79)
This shows that up to total derivatives, the anomaly is precisely proportional to one-loop
the counterterm. Given the fact that we are neglecting total derivatives throughout the
computation, we assume the proportionality of the anomaly and the one-loop counterterm
hereinafter.
Next, we compute the counterterm for the action describing the Weyl invariant cou-
pling between the scalar field and the gauge field in a fixed gravitational background but
when the gauge field is a dynamical field
S “
ż
d4x
a
|g|
ˆ
´1
4
F 2µν `
1
2
rp∇µ `Wµqφs2
˙
(80)
with Fαβ “ ∇αWβ´∇βWα. The pure spin 1 action is analyzed in appendix A.3. Gravity
is again taken as a non dynamical background g¯µν , but the dynamics of the gauge field is
now taken into account. Expanding the fields as
φ “ φ¯` φ
Wµ “ W¯µ `Wµ
gµν “ g¯µν (81)
The equations of motion now read
lφ¯ ` φ¯∇¯µW¯ µ ´ W¯ µW¯µφ¯ “ 0
lW¯µ ´ ∇¯λ∇¯µW¯ λ ` φ¯∇¯µφ¯` W¯µφ¯2 “ 0 (82)
In order to compute the one-loop counterterm we expand the action up to quadratic order
in the perturbations
S2 “ 1
2
ż
d4x
?
g¯ rφM φ`WµEµ φ`WµNµν Wνs (83)
where
M “ ´l¯ ´ ∇¯µW¯ µ ` W¯ µW¯µ
Eµ “ 2∇¯µφ¯` 2φ¯∇¯µ ` 4W¯ µφ¯
Nµν “ l¯g¯µν ´ ∇¯ν∇¯µ ` g¯µνφ¯2 (84)
The next step is to introduce a Weyl gauge fixing in order fix the Weyl symmetry and try
to get rid of the non-minimal part (terms with two derivatives). Also, we need to redefine
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the connection to reabsorb the terms with one derivative as shown in appendix A.2. To
gauge fix the action, we take the only background Weyl invariant3 condition given by
χ “ ∇¯µW µ ´ 2W¯µW µ “ 0 (85)
so that
Sgf “ ´1
2
ż
d4x
a
|g¯| `∇¯µW µ ´ 2W¯µW µ˘ `∇¯νW ν ´ 2W¯νW ν˘
“ 1
2
ż
d4x
a
|g¯| Wµ
 
∇¯
ν
∇¯
µ ´Rµν ` 2W¯ µ∇¯ν ´ 2W¯ ν∇¯µ ´ 2∇¯µW¯ ν ´ 4W¯ µW¯ ν(Wν
(86)
In this way, we can cancel the non-minimal part, together with the off-diagonal terms
with one derivative.
After this procedure, we need to compute the heat kernel coefficient of the operator
S2 ` Sgf “
ż
d4x
?
g¯
1
2
ΨA
´
´CAB ˜¯l ´ EAB
¯
ΨB (87)
with
ΨA “
ˆ
φ
Wλ
˙
ΨB “
ˆ
φ
Wν
˙
(88)
where we have redefined the connection, ˜¯∇ “ ∇¯µδAC ` ωAµC , and the ωAµC is shown in
appendix A.2. On the other hand, the ghost action corresponding to the gauge fixing
yields
Sgh “ 1
2
ż
d4x
a
|g¯| c¯ `´l¯ ` 2W¯ µ∇¯µ˘ c (89)
The detailed form of the operators and the computation of the heat kernel coefficient is
left to appendix A.2. In the end, in n “ 4 and using the equation of motion of the scalar
field (82) we get
Γ8rg¯µν , φ¯, W¯µs “ 1pn ´ 4q
ż
dnx
a
|g¯| 1p4piq2
1
360
“´24R¯2µνρσ ` 174R¯2µν ´ 45R¯2 ` 540φ¯4
´60R¯lφ¯
φ¯
` 180
ˆ
lφ¯
φ¯
˙2
´ 180R¯φ¯2 ` 1080φ¯lφ¯
ff
(90)
As mentioned before, the anomaly is nothing but the finite part of the counterterm.
Comparing the result with the case of the non-dynamical gauge field (79), it is clear that
the anomaly changes, and even new terms contribute to it when the gauge field runs in
the loops.
3In the background field approach, we gauge fix the quantum transformations as we leave the back-
ground field transformations untouched. It can be seen that among the gauge conditions of the type
χ “ ∇¯µW
µ
` αW¯µW
µ
“ 0, the only Weyl invariant one (with respect to the background quantities) is
the one corresponding to α “ ´2.
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5 One loop corrections in background vs dynamical
gravity
As we have seen in the previous section, the conformal anomaly is sensitive to the character
of the fields involved in the theory. After this warm up, we turn on to the main point of
this work, namely studying the fate of the Weyl symmetry at the one-loop order for the
different couplings of the fields to gravity, making particular emphasis on the differences
between considering it as a background or as a dynamical field.
Everything done so far, was carried out in a non-dynamical gravitational background.
We are now interested in studying the effect of dynamical gravity in the Weyl anomaly
arising in such theories. When gravity is dynamical, even global Weyl invariance imposes
severe constraints to correlators. For example, the Green function involving any number
of gravitons must vanish, as it does every correlator between fields whose total Weyl
charge is nonvanishing. This is exactly the same reason why in ordinary QED all Green
functions where the number of ψ fields and the number of ψ fields do not match do vanish
as well
x0` |gµ1ν1px1q . . . gµnνnpxnq| 0´y “ 0 (91)
To be specific, if we denote by wi the Weyl charge of the field φi; that is,
δWφi “ wiφi (92)
The condition that a correlator@
0`
ˇˇ
φi1px1q . . . φinpxnq
ˇˇ
0´
D ‰ 0 (93)
does not vanish is that
i“nÿ
i“1
wi “ 0 (94)
Note in particular that this prevents a cosmological constant to appear upon quantum
corrections, since the volume term ż a
|g|dnx (95)
is not Weyl invariant (not even globally).
In order to illustrate the effect of the character of the gravitational field in the con-
formal anomaly, different examples are analyzed. First, we reproduce some of the results
of the computations carried out in non-conformal and conformal dilaton gravity [20][21],
which are the only Weyl invariant theories that can be constructed at a linear order in
the curvature. After that, we compute the anomaly of a scalar field in quadratic gravity
theories in order to reinforce these ideas in a different setup.
5.1 Anomaly in non-conformal and conformal dilaton gravity
The general non-minimal coupling of a scalar field to gravity takes the form
S “
ż
dnx
a
|g|
„
ξRφ2 ` 1
2
gµν∇µφ∇νφ

(96)
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This action is invariant under global Weyl transformations, and moreover, the symmetry
is upgraded to local Weyl invariance for the particular value
ξ “ ξc “ n ´ 2
8pn´ 1q (97)
5.1.1 Non-Conformal Dilaton Gravity
Let us start with the simplest case of the non-conformal coupling in the presence of a non
dynamical gravitational background
S g¯
nCDG
“
ż
dnx
a
|g¯|
„
ξR¯φ2 ` 1
2
g¯µν∇¯µφ∇¯νφ

(98)
The equation of motion for the scalar field reads
R¯ “ 1
2ξ
∇¯2φ¯
φ¯
(99)
In order to obtain the counterterm, we compute the determinant of the quadratic operator
∆ “ ´1
2
l¯ ` ξR¯ (100)
The on-shell counterterm is easily found to be
Γg¯
nCDG
rg¯µν , φ¯s “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
” 1
360
p3W¯4 ´ E¯4q ` 1
288
p1´ 12ξq2
ξ2
p∇¯2φ¯qp∇¯2φ¯q
φ¯2
ı
(101)
where
W¯4 “ R¯2µναβ ´ 2R¯2µν `
1
3
R¯2
E¯4 “ R¯2µναβ ´ 4R¯2µν ` R¯2 (102)
correspond to the Weyl squared tensor and the Gauss-Bonnet density, respectively.
For dynamical gravity, this computation has been carrioud out in [20] yielding
ΓnCDGrg¯µν , φ¯s “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
„
71
60
W¯4 ` 1259
1440
p1´ 12ξq2
ξ2
p∇¯2φ¯qp∇¯2φ¯q
φ¯2

(103)
This is the first example that proves the dependence on the character of the gravitational
field when computing the conformal anomaly. In the non-dynamical case the anomaly
reads
A
g¯
nCDG
“
ż
dnx
a
|g¯| 1p4piq2
” 1
360
p3W¯4 ´ E¯4q ` 1
288
p1´ 12ξq2
ξ2
p∇¯2φ¯qp∇¯2φ¯q
φ¯2
ı
(104)
When gravity is a dynamical field, however, one gets that the anomaly changes to
AnCDG “
ż
dnx
a
|g¯| 1p4piq2
„
71
60
W¯4 ` 1259
1440
p1´ 12ξq2
ξ2
p∇¯2φ¯qp∇¯2φ¯q
φ¯2

(105)
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5.1.2 Conformal Dilaton Gravity
In the critical case ξ “ ξc, the global symmetry is upgraded to the local Weyl symmetry.
In the case of non-dynamical gravity, the counterterm can be easily computed, yielding
Γg¯
CDG
rg¯µν , φ¯s “ 1pn ´ 4q
ż
dnx
a
|g¯| 1p4piq2
” 1
360
p3W¯4 ´ E¯4q
ı
(106)
When gravity is dynamical, there are two local symmetries to be analyzed and gauge fixed
in the theory. This imposes further difficulties in the computation, leading to the use of
BRS techniques. The detailed computation is carried out in [20] where they get the result
ΓCDGrg¯µν , φ¯s “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
”53
45
W¯4
ı
(107)
Again, the difference in the anomaly is clearly seen in this example.
6 Anomaly in global Weyl invariant quadratic grav-
ity
In order to reinforce our idea of the modification of the anomaly by dynamical gravita-
tional corrections, we want to take another example of dynamical gravity together with a
scalar field. At a linear order in the curvature, the only Weyl invariant possibility is the
non minimal coupling φ2R mentioned before, due to the fact that in four dimensions the
Einstein-Hilbert action is not even invariant under rigid Weyl tranformations. It seems
then that the next easiest alternative is to turn to quadratic theories of gravity, as the
quadratic invariants are at least invariant under rigid conformal transformations (we have
already mentioned that the only quadratic gravitational combination that leads to a lo-
cal Weyl invariant action is the Weyl squared term). However, in order to ilustrate the
dependence on the dynamics of the gravitational field in the breaking of the conformal
Ward identities, it is enough to consider global Weyl invariant theories. For convenience
in the computation, we take the following quadratic action
Squad “
ż
dnx
a
|g|
„
plϕq2 `R2µν ´
1
2
R2

(108)
Let us note that we are also taking a quartic derivative term for the scalar field4. In this
case, the scalar field is inert under global Weyl transformations, as opposed to the Weyl
assignment of the previous example, and there is no need of introducing the gauge field
associated to the gauging of the symmetry.
We first want to compute the conformal anomaly in the presence of a gravitational
background field. The equation of motion for the scalar field reads
δS
δϕ
“ l¯2ϕ¯ “ 0 (109)
4At a technical level, this choice is made in order to have the same number of derivatives acting on
both fields. This leads to a determinant of a minimal operator, which simplifies the computations.
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Up to quadratic order in the expansion of the scalar field, we need to compute the deter-
minant of the operator
S2 “ κ2
ż
d4x
a
|g¯|ϕl¯2ϕ (110)
Let us stress that when gravity is non-dynamical, the scalar field expansion is unaffected
by the pure gravitational part, so that it does not appear any contribution in the quadratic
operator. In this simple case we just have to compute the determinant of the l¯2 operator.
This is tabulated in [26] so that we obtain
Γg¯8rg¯µν , ϕ¯s “
1
pn ´ 4q
ż
dnx
a
|g¯| 1p4piq2
1
180
”
2R¯2µναβ ´ 2R¯2µν ` 5R¯2
ı
(111)
Next, we turn to the case where the gravitational field is dynamical, so that the
background field expansion reads
gµν “ g¯µν ` κhµν
ϕ “ ϕ¯` κϕ (112)
The eom for the graviton is computed with the linear order of the expansion and reads
´1
2
g¯µνR¯
2
αβ ` 2R¯µλR¯ λν `
1
4
g¯µνR¯
2 ´ R¯µνR¯ ´ 1
2
g¯µνl¯ϕ¯l¯ϕ¯` ∇¯µϕ¯∇¯νl¯ϕ¯
`∇¯νϕ¯∇¯µl¯ϕ¯´ g¯µν∇¯λϕ¯∇¯λl¯ϕ¯ “ 0 (113)
We will restrict ourselves to constant curvature backgrounds from now on since it per-
fectly serves to illustrate the effect of dynamical gravity in the anomaly while making the
computations much more tractable. The main reason for this having to do with the fact
that after integrating by parts, several terms in the action simplify due to the constancy
of the background curvature. With our conventions, for constant curvature spaces we
have
R¯αβµν “ ´λ
3
pg¯αµg¯βν ´ g¯αν g¯βµq (114)
In order to compute the one-loop counterterm which will give us the conformal anomaly,
we need to compute the determinant of the quadratic operator. In this case, up to
quadratic order in the fluctuations we have
S2 “
ż
dnx
?
g¯
“
hαβMαβγǫh
γǫ ` hαβNαβϕ` ϕKϕ
‰
(115)
where the different operators are shown in appendix A.4.
The only local symmetry that need to be gauge fixed is diffeomorphism invariance. In
order to do so, we choose some gauge fixing condition χµ and a weight operator Gµν [28]
(in order to account for the terms with four derivatives), so that
Sgf “ κ2
ż
d4x
a
|g|χµGµνχν (116)
where
χµ “ ∇ρhρµ ´
1
2
∇µh´ 2ϕ∇¯µϕ¯
Gµν “ 1
2
p´gµνl ´∇µ∇ν `∇ν∇µq (117)
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This gauge fixing is enough to obtain a minimal operator. The divergent part of the deter-
minant can be obtained using the heat kernel method. After gauge fixing, the quadratic
action takes the form
S2 ` Sgf “
ż
d4x
?
g¯ ΨA
`
CAB l¯
2 `DµνAB ∇¯µ∇¯ν `HµAB ∇¯µ ` YAB
˘
ΨB (118)
where we define the generalized field as
ΨA “
ˆ
hαβ
ϕ
˙
ΨB “
ˆ
hγǫ
ϕ
˙
(119)
The particular form of the final operators as well as the details of the computations is left
to appendix A.4.
There is another piece of the computation coming from the ghost action after the
gauge fixing of diffeomorphism invariance. In this case the ghost action reads
SDgh “
ż
d4x
a
|g|C¯α “´gαβl¯2 `RλαRλβ ´ R¯τβαλ∇¯λϕ¯∇¯τ ϕ¯` l¯p∇¯αϕ¯∇¯βϕ¯q‰Cβ
(120)
Once the particular operators are computed, the expansion coefficient giving the infinite
part of the one-loop effective action can be found in the literature [26]
Γ8 “ 1pn ´ 4q
ż
d4x
a
|g¯| tr a2 px, xq “ 1pn´ 4q
ż
d4x
a
|g¯| 1p4piq2 tr
"
1
180
`
2R¯2µνρσ ´ 2R¯2µν`
`5R¯2˘1` 1
6
WµνW
µν ´ Y ´ 1
6
DµνR¯µν ` 1
12
DR¯ ` 1
48
D2 ` 1
24
DµνDµν
*
(121)
where the field strength is defined through
r∇¯µ, ∇¯νshαβ “ W αβρσµνhρσ (122)
Finally, the on-shell value for the counterterm (in constant curvature spacetimes) is
Γ8rg¯µν , ϕ¯s “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
„
398λ2
45
` 61λ
90
∇¯µϕ¯∇¯
µϕ¯` 4∇¯µϕ¯∇¯µϕ¯∇¯νϕ¯∇¯νϕ¯

(123)
We can clearly see the difference with the result obtained for non-dynamical gravity (111),
which in constant curvature spacetimes reads
Γg¯8rg¯µν , ϕ¯s “
1
pn ´ 4q
ż
dnx
a
|g¯| 1p4piq2
58
135
λ2 (124)
In the dynamical case, we have new terms appearing which depend on the scalar field.
The equation of motion for the graviton does not help in symplifying those terms.
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7 The Weyl anomaly: Dynamical vs non-dynamical
gravity
The main aim of the computation of the conformal anomaly in the different examples
that we have studied was precisely to point out the differences that arise due to the
background or dynamical character of gravity. In this respect, given the fact that the
quadratic example is computed for constant curvature spaces, we restrict the results of
all the cases we have studied to this subset of background spacetimes, in order for their
comparison to be meaningful.
Table 1 summarizes the different lagrangians that we have considererd, together with
the corresponding global or local character of the Weyl symmetry. The last column shows
the result of the computation of the conformal anomaly in the case of constant curvature
backgrounds (CCS), characterized by the curvature λ. It should be understood that the
anomaly displayed in the table corresponds to the integrand of the true anomaly.
The key point is that not only the numerical factors change depending on the dy-
namical or non-dynamical character of the gravitational field, but also the sign of the
anomaly. It is remarkable, for instance, that when dynamical gravity is considered in
the non-minimal coupling of the scalar field to gravity, the anomaly vanishes for constant
curvature spacetimes, whereas it yields a non-zero contribution when it is considered as
a non-dynamical background.
Lagrangian Symmetry Anomaly (for CCS)
a|g¯| ∇¯µφ∇¯µφ Global Weyl 1p4piq2 29135λ2
a|g¯| ˆ∇¯µφ∇¯µφ` 1
6
φ2R¯
˙
Local Weyl
1
p4piq2
´λ2
135
a|g¯| ˆ∇µφ∇µφ` 1
6
φ2R
˙
Local Weyl
(Dynamical gravity)
0
a|g¯| ˆϕl2ϕ` R¯µνR¯µν ´ 1
2
R¯2
˙
Global Weyl
1
p4piq2
58
135
λ2
a|g¯| ˆϕl2ϕ`RµνRµν ´ 1
2
R2
˙
Global Weyl
(Dynamical gravity)
1
p4piq2
„
398
45
λ2 ` 61λ
90
∇¯µϕ¯∇¯
µϕ¯
`4∇¯µϕ¯∇¯µϕ¯∇¯νϕ¯∇¯νϕ¯
‰
Table 1: Results for the Weyl anomalies in the different theories. The third column
corresponds to the integrand of the conformal anomaly, that is,
ş
d4x
a|g¯|A.
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8 Conclusions
In the present work we have analyzed the Ward identities corresponding to global and
local Weyl invariance in some illustrative examples. From this analysis we can draw the
remarkable conclusion that the anomalous part of those identities depends explicitly on
whether the gravitational field is dynamical (i.e. integrated upon in the path integral) or
just a passive background field; that is, the anomaly is sensitive to the character of the
gravitational field.
Regarding the examples under study, we have considered quadratic theories of gravity
in order to examine the physical consequences of a dynamical gravitational field in some
specific models. The main reason for this being the fact that, even if one relaxes the con-
dition of local Weyl invariance to the rigid (global) case, the only linear (in the Riemann
tensor) theory is constructed via the non-minimal φ2R coupling of the dilaton already
analyzed in [20, 21]. However, let us remark that in spite of the unitarity problems that
afflict these theories in the second order formalism, it is reasonable to expect that the
general form of the Ward identities is not affected by them.
A quite significant implication of our analysis is that it suggests the possibility that
by experimentally observing consequences of the anomaly, evidence could be gathered on
the dynamical character of the gravitational field. We are only aware of two cases where
the difference in the conformal anomaly triggered by the dynamical character of gravity
could play a role. First, these results could affect trace anomaly driven, Starobinsky type
of inflationary models [29], as they are precisely based on the non-minimal coupling of a
scalar field to gravity. Moreover, it is well know that chiral anomalies contain gravitational
corrections giving rise to mixed axial-gravitational anomalies [30]. These haven been
experimentally observed in transport effects involving Weyl semimetals [31], where the
low energy quasiparticles behave as fermions. Recent work regarding similar tranport
effects due to conformal anomalies [32, 33] points towards the possibility of experimental
access to the trace anomaly, which is also expected to be modified by dynamical gravity
effects. However, work is still ongoing regarding this type of computations for fermions.
Finally, we cannot conclude anything qualitatively new concerning the search of a
consistent local Weyl invariant theory. Our analysis only supports the idea that if there
were to exist such a quantum field theory, it would be a wondrous thing indeed. This being
ultimately related with the difficulty of fullifilling the contraints from diffeomorphism
invariance and those from local Weyl invariance [4]. In fact, if such a theory existed, it
must be a finite one, with vanishing cosmological constant. All we know is that there is
a family of theories, the self-mirror ones in the Duff-Ferrara sense [34] for which the total
Weyl anomaly cancels to one loop5. Moreover, given the absence of a non-renormalization
theorem of the Adler-Bardeen type for the Weyl anomaly [35], it is not yet known whether
or not this property can be mantained to higher loops. It is clear that there is a lot of
work ahead.
5Although the concept of conformal anomaly here is somewhat lato sensu, in that it refers to the trace
of the energy momentum tensor, even if the corresponding classical theory is non-conformal.
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A Some details of the computations
A.1 Scalar field in a gauge field background
The quadratic operator reads
∆ “ ´C l¯ ´ Y (125)
where
C “ 1
Y “ ∇¯µW¯ µ ´ W¯ µW¯µ (126)
then the traces are simply
tr I “ 1
tr Y “ ∇¯µW¯ µ ´ W¯ µW¯µ
tr Y 2 “ p∇¯µW¯ µq2 ´ 2W¯ 2∇¯µW¯ µ ` W¯ 4 (127)
so that the heat kernel coefficient yields
tra2px, xq “ 1p4piq2
1
360
tr
`
60l¯Y ` 60R¯Y ` 180Y 2 ` 12l¯R¯ ` 5R¯2 ´ 2R¯2µν ` 2R¯2µνρσ
˘
(128)
In this case,
tr a2px, xq “ 1p4piq2
1
360
tr
”
60R¯p∇¯µW¯ µ ´ W¯ µW¯µq ` 180p∇¯µW¯ µ ´ W¯ µW¯µq2 `
` p5R¯2 ´ 2R¯2µν ` 2R¯2µνρσq
ı
(129)
A.2 Scalar field with a dynamical gauge field
The quadratic operator that we get when expanding the action reads
S2 “ 1
2
ż
d4x
?
g¯ rφM φ`WµEµ φ`WµNµν Wνs (130)
where
M “ ´l¯ ´ ∇¯µW¯ µ ` W¯ µW¯µ
Eµ “ 2∇¯µφ¯` 2φ¯∇¯µ ` 4W¯ µφ¯
Nµν “ l¯g¯µν ´ ∇¯ν∇¯µ ` g¯µνφ¯2 (131)
We use that
pBµφqW¯ µφ “ ´pBµφqW¯ µφ´ φ∇¯µW¯ µφ Ñ pBµφqW¯ µφ “ ´1
2
φ∇¯µW¯
µφ (132)
After the gauge fixing the quadratic operator reads
S2`gf “ 1
2
ż
d4x
?
g¯ rφM φ`WµEµ φ`WµKµν Wνs (133)
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where
M “ ´l¯ ´ ∇¯µW¯ µ ` W¯ µW¯µ
Eµ “ 2∇¯µφ¯` 2φ¯∇¯µ ` 4W¯ µφ¯
Kµν “ l¯g¯µν ´Rµν ´ p∇¯µW¯ ν ` ∇¯νW¯ µq ´ 2pW¯ ν∇¯µ ´ W¯ µ∇¯νq
´4W¯ µW¯ ν ` g¯µνφ¯2 (134)
Next, we define the generalized field ΨA so that we can write
S2 ` Sgf “
ż
d4x
?
g¯
1
2
ΨA
`´CAB l¯ ´NµCB ∇¯µ ´ YAB˘ΨB (135)
with
ΨA “
ˆ
φ
Wλ
˙
ΨB “
ˆ
φ
Wν
˙
CAB “
ˆ
1 0
0 ´g¯λν
˙
NµCB “
ˆ
0 φ¯g¯µν
´φ¯g¯µλ 2W¯ ν g¯µλ ´ 2W¯ λg¯µν
˙
YAB “
ˆ´W¯ µW¯µ ` ∇¯µW¯ µ ´2W¯ νφ¯´ 12∇¯νφ¯´2W¯ λφ¯´ 1
2
∇¯λφ¯ Rµν ` 4W¯ µW¯ ν ` p∇¯µW¯ ν ` ∇¯νW¯ µq ´ φ¯2g¯µν
˙
(136)
We can avoid the terms with one derivative contained in the operator Nµ redefining
the quadratic operator as
S
full
2 “
1
2
ż
d4x
a
|g¯| ΨAp´CAB l¯ ´NµAB ∇¯µ ´ YABqΨB “ 1
2
ż
d4x
a
|g¯| ΨA ∆AB ΨB
(137)
where
∆AB “ ´
´“
∇¯µ δ
A
C ` ωAµC
‰ ”
∇¯
µ δCB ` ωµCB
ı
` EAB
¯
“ ´CACpCCB l¯ `NµCB ∇¯µ ` YCBq
(138)
For that to hold, the new operators are defined as
ω
µ
AB “
1
2
N
µ
AB “
ˆ
0 1
2
φ¯g¯µν
´1
2
φ¯g¯µλ W¯ ν g¯µλ ´ W¯ λg¯µν
˙
(139)
and therefore
EAB “ YAB ´ ωµAD ωµDB “
“
˜
∇¯µW¯µ ´ W¯ µW¯µ ´ n4 φ¯2 pn´ 5q φ¯2W¯ ν ´ 12∇¯νφ¯
pn ´ 5q φ¯
2
W¯ λφ¯´ 1
2
∇¯λφ¯ R¯λν ` ∇¯λW¯ ν ` ∇¯νW¯ λ ´ pn´ 6qW¯ λW¯ ν ´ W¯αW¯ αg¯λν ´ 34 φ¯2g¯λν
¸
(140)
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In order to get the field strength we to remember that our connection has been modified
so that “
DWα , D
W
β
‰
ΨA “ W Aαβ BΨB (141)
i.e.
W Aαβ¨B “ ∇¯αω Aβ¨B ´ ∇¯βω Aα¨B ` ω Aα¨Cω Cβ¨B ´ ω Aβ¨Cω Cα¨B (142)
in our case it is
W Aαβ B “
ˆ
W
φ
αβ φ W
φ
αβ W
W Wαβ φ W
W
αβ W
˙
(143)
where
W
φ
αβ φ “ 0
W
φ
αβ W “
1
2
`
δνβ∇¯αφ¯´ δνα∇¯βφ¯
˘` φ¯
2
pδνβW¯α ´ δναW¯βq
W Wαβ φ “
1
2
`
g¯βλ∇¯αφ¯´ g¯αλ∇¯βφ¯
˘` φ¯
2
φ¯pg¯βλW¯α ´ g¯αλW¯βq
W Wαβ W “ R¯ νλ¨αβ ` pδνβ∇¯αW¯λ ´ δνα∇¯βW¯λq ` pg¯αλ∇¯βW¯ ν ´ g¯βλ∇¯αW¯ νq `
`W¯ νpg¯αλW¯β ´ g¯βλW¯αq ` W¯λpδνβW¯α ´ δναW¯βq ` pg¯αλδνβ ´ g¯βλδναq
ˆ
φ¯2
4
´WµW µ
˙
(144)
In this case, for the value of the counterterm we obtain
tr agh2 px, xq “
1
p4piq2
1
360
”
60R¯∇¯µW¯
µ ´ 60R¯W¯µW¯ µ ` 5R¯2 ´ 2R¯2µν ` 2R¯2µνρσ `
` 180∇¯νW¯ ν∇¯µW¯ µ ` 180W¯νW¯ νW¯µW¯ µ ´ 360W¯νW¯ ν∇¯µW¯ µ ` 60p∇¯νW¯µ∇¯νW¯ µ ´
´ ∇¯µW¯ ν∇¯νW¯ µq
ı
(145)
The total counterterm then reads
tra2 ´ 2tr agh2 “
1
p4piq2
1
360
”
2pn´ 17qR¯2µνρσ ´ 2pn´ 92qR¯2µν ` 5pn´ 14qR¯2 `
`120pn´ 4qR¯W¯ αW¯α ` 120pn´ 8qpn´ 4qW¯ αW¯αW¯ βW¯β ´ 120pn´ 4q∇¯µW¯ ν∇¯µW¯ν `
480∇¯µW¯
ν
∇¯νW¯
µ ´ 480∇¯µW¯ µ∇¯νW¯ ν ` 480R¯µν∇¯µW¯ ν ´ 240R¯∇¯µW¯ µ `
`p1920´ 360nqR¯µνW¯ µW¯ ν ´ 960pn´ 5qW¯ µW¯ ν∇¯νW¯µ ` 240pn´ 2qW¯ µW¯µ∇¯νW¯ ν `
`60R¯p∇¯µW¯ µ ´ W¯ µW¯µq ` 180p∇¯µW¯ µ ´ W¯ µW¯µq2 ` p5R¯2 ´ 2R¯2µν ` 2R¯2µνρσq `
`15
2
npn ` 14qφ¯4 ` 30pn´ 10qφ¯2R¯ ´ 30p2n2 ´ 49n` 128qφ¯2W¯ 2 `
`240pn´ 4qφ¯W¯ α∇¯αφ¯´ 30p5n` 16qφ¯2∇¯αW¯ α ` 30pn´ 4q∇¯µφ¯∇¯µφ¯
ı
(146)
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where the ghost contribution carries a different sign due to the fermionic character of the
fields, and a factor of two because of the imaginary character of them.
Finally, the on-shell divergent piece of the effective action reads
Γ8rg¯µν , φ¯, W¯µs “ 1pn ´ 4q
ż
dnx
a
|g¯| 1p4piq2
1
360
“´24R¯2µνρσ ` 174R¯2µν ´ 45R¯2 ` 540φ¯4
´60R¯lφ¯
φ¯
` 180
ˆ
lφ¯
φ¯
˙2
´ 180R¯φ¯2 ` 1080φ¯lφ¯
ff
(147)
The variation under a local Weyl trasnformation takes the form
δΓ8rg¯µν , φ¯, W¯µs “ 1
n´ 4
ż
dnx
a
|g¯| pn ´ 4q
„
´60
φ¯
`
ωR¯l¯φ¯` R¯∇¯µω∇¯µφ¯´ 2l¯ωl¯φ¯
˘
` 180
φ¯2
`
ωpl¯φ¯q2 ` 2∇¯µω∇¯µφ¯l¯φ¯
˘` `´24R2µνρσ ` 174R2µν ´ 45R2˘ω
´ 6∇¯µR¯∇¯µω ` 540φ¯4 ´ 180R¯φ¯2 ` 1080φ¯l¯φ¯` 360φ¯2l¯φ¯
‰
(148)
so that it is Weyl invariant in n “ 4 as expected.
A.3 Gauge field counterterm
Let us consider the term coming purely from the gauge field dynamics. The action for
the (abelian) Weyl gauge fields reads
S “ ´1
4
ż
dnx
a
|g|F 2µν (149)
with Fαβ “ ∇αWβ ´∇βWα, and we assumne that the gravitational field is still a passive
background. The eom now read
δS
δW µ
“ l¯W¯µ ´ ∇¯λ∇¯µW¯ λ “ 0 (150)
The quadratic piece of the action in the standard background field expansion reads
S2 “ 1
2
ż
d4x
?
g¯ Wµ
`
l¯g¯µν ´ ∇¯ν∇¯µ˘ Wν (151)
Let us first choose the gauge fixing
χ “ ∇¯µW µ “ 0 (152)
so that
Sgf “ ´1
2
ż
d4x
a
|g¯| `∇¯µW µ∇¯νW ν˘ (153)
where we have used the commutator of two covariant derivatives, (9). In this way, we can
cancel the non-minimal part. After gauge fixing we have
S2`gf “ 1
2
ż
d4x
?
g¯Wµ pl¯g¯µν ´RµνqWν (154)
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The heat kernel coefficient is given by
tr a2 px, xq “ 1p4piq2
1
360
“p2n´ 30qR¯µνρσR¯µνρσ ` p180´ 2nqR¯µνR¯µν ` p5n´ 60qR¯2‰
(155)
The ghost action corresponding to this gauge fixing reads
Sgh “ 1
2
ż
d4x
a
|g¯| c¯ l¯ c (156)
The corresponding heat kernel coefficient is
tr agh2 px, xq “
1
p4piq2
1
360
`
5R¯2 ´ 2R¯2µν ` 2R¯2µνρσ
˘
(157)
The total contribution is then
tra2px, xq ´ 2tragh2 px, xq “
1
p4piq2
1
360
“p2n´ 34qR¯µνρσR¯µνρσ ` p184´ 2nqR¯µνR¯µν
`p5n´ 70qR¯2‰ (158)
Four-dimensional Weyl invariance is again manifest
δΓ8rg¯µν , φ¯s “ 1
n ´ 4
ż
dnx
a
|g¯|pn´ 4qω
”
p2n´ 34qR¯µνρσR¯µνρσ ` p184´ 2nqR¯µνR¯µν `
` p5n ´ 70qR¯2 ´ 18pn´ 2ql¯R¯
ı
(159)
Next let us choose a different gauge fixing namely,
χ “ ∇¯µW µ ´ 2W¯µW µ “ 0 (160)
so that
Sgf “ ´1
2
ż
d4x
a
|g¯| `∇¯µW µ ´ 2W¯µW µ˘ `∇¯νW ν ´ 2W¯νW ν˘
“ 1
2
ż
d4x
a
|g¯| Wµ
 
∇¯
ν
∇¯
µ ´Rµν ` 2W¯ µ∇¯ν ´ 2W¯ ν∇¯µ ´ 2∇¯µW¯ ν ´ 4W¯ µW¯ ν(Wν
(161)
where the commutator of two covariant derivatives, (9) has been used. In this way, we
can cancel the non-minimal part, and also the off-diagonal terms with one derivative.
After gauge fixing we have
S2`gf “ 1
2
ż
d4x
?
g¯WµK
µνWν (162)
where
Kµν “ l¯g¯µν ´Rµν ´ p∇¯µW¯ ν ` ∇¯νW¯ µq ` 2W¯ µ∇¯ν ´ 2W¯ ν∇¯µ ´ 4W¯ µW¯ ν (163)
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Indeed
S2 ` Sgf “
ż
d4x
?
g¯
1
2
Wµ
“´Cµνl ´Nαµν∇¯α ´ Y µν‰ Wν (164)
with
Cµν “ ´g¯µν
Nαµν “ 2W¯ ν g¯µα ´ 2W¯ µg¯να
Y µν “ Rµν ` p∇¯µW¯ ν ` ∇¯νW¯ µq ` 4W¯ µW¯ ν (165)
note that Nµνα is antisymmetric. We can avoid the terms with one derivative contained
in the operator Nµ redefining the quadratic operator as
S
full
2 “
1
2
ż
d4x
a
|g¯| Wµ ∆µν Wν (166)
where
∆µν “ ´
`“
∇¯α δ
µ
ρ ` ω µα¨ρ
‰ “
∇¯
α δρν ` ωαρ ν
‰` Eµν ˘ “ ´CµρpCρν l¯ `Nαρν ∇¯α ` Yρνq (167)
For that to hold, the new operators are defined as
Eλν “ Y λν ´ ω λα¨ρ ωαρν “ R¯λν ` ∇¯λW¯ ν ` ∇¯νW¯ λ ´ pn´ 6qW¯ λW¯ ν ´ W¯αW¯ αg¯λν
ωαµν “ 1
2
Nαµν “ W¯ ν g¯µα ´ W¯ µg¯να (168)
So after this procedure, we need to compute the heat kernel of the operator
∆µν “ ´Cµν ˜¯l ´ Eµν (169)
with Dα “ ∇¯α δµρ ` ω µα¨ρ In order to get the field strength we need to remember that our
connection has been modified so that
rDα, DβsWλ “ W νλ¨αβWν (170)
i.e.
W νλ¨αβ “ ∇¯αω νβλ ´ ∇¯βω ναλ ` ω ραλ ω νβρ ´ ω ρβλ ω ναρ (171)
in our case it is
W λαβ¨ν “ R¯ νλ¨αβ ` pδνβ∇¯αW¯λ ´ δνα∇¯βW¯λq ` pg¯αλ∇¯βW¯ ν ´ g¯βλ∇¯αW¯ νq `
`W¯ νpg¯αλW¯β ´ g¯βλW¯αq ´WµW µ
`
g¯αλδ
ν
β ´ g¯βλδνα
˘` W¯λpδνβW¯α ´ δναW¯βq
(172)
The ghost action corresponding to this gauge fixing yields
Sgh “ 1
2
ż
d4x
a
|g¯| c¯ `´l¯ ` 2W¯ µ∇¯µ˘ c (173)
we can write a connection like ˜¯∇µ ´ W¯µ
Sgh “ 1
2
ż
d4x
a
|g¯| c¯
”
´ ˜¯l
ı
c “ ´1
2
ż
d4x
a
|g¯| c¯
”
p ˜¯∇µ ´ W¯µqp ˜¯∇µ ´ W¯ µq
ı
c “
“ 1
2
ż
d4x
a
|g¯| c¯ `´l¯ ` 2W¯ µ∇¯µ ` ∇¯µW¯ µ ´ W¯µW¯ µ˘ c (174)
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Sgh “ 1
2
ż
d4x
a
|g¯| c¯
´
´ ˜¯l ´ ∇¯µW¯ µ ` W¯µW¯ µ
¯
c (175)
The field strength for our connection has been modified so that
Wµν “ ∇¯νW¯µ ´ ∇¯µW¯ν (176)
The heat kernel coefficient reads
tr agh2 px, xq “
1
p4piq2
1
360
”
60R¯∇¯µW¯
µ ´ 60R¯W¯µW¯ µ ` 5R¯2 ´ 2R¯2µν ` 2R¯2µνρσ `
` 180∇¯νW¯ ν∇¯µW¯ µ ` 180W¯νW¯ νW¯µW¯ µ ´ 360W¯νW¯ ν∇¯µW¯ µ ` 60p∇¯νW¯µ∇¯νW¯ µ
´ ∇¯µW¯ ν∇¯νW¯ µq
ı
(177)
And finally, the total contribution is given by
tr a2 ´ 2tr agh2 “
1
p4piq2
1
360
”
2pn´ 17qR¯2µνρσ ´ 2pn´ 92qR¯2µν ` 5pn´ 14qR¯2 `
`120pn´ 4qR¯W¯ αW¯α ` 120pn´ 8qpn´ 4qW¯ αW¯αW¯ βW¯β ´ 120pn´ 4q∇¯µW¯ ν∇¯µW¯ν `
480∇¯µW¯
ν
∇¯νW¯
µ ´ 480∇¯µW¯ µ∇¯νW¯ ν ` 480R¯µν∇¯µW¯ ν ´ 240R¯∇¯µW¯ µ `
`p1920´ 360nqR¯µνW¯ µW¯ ν ´ 960pn´ 5qW¯ µW¯ ν∇¯νW¯µ ` 240pn´ 2qW¯ µW¯µ∇¯νW¯ ν
ı
(178)
which, using the Bianchi identity and the commutator defined in (9), can be rewritten as
tr a2 ´ 2tr agh2 “
1
p4piq2
1
360
”
2pn´ 17qR¯2µνρσ ´ 2pn´ 92qR¯2µν ` 5pn´ 14qR¯2 `
`120pn´ 4qR¯W¯ αW¯α ` 120pn´ 8qpn´ 4qW¯ αW¯αW¯ βW¯β ´ 120pn´ 4q∇¯µW¯ ν∇¯µW¯ν ´
´360pn´ 4qR¯µνW¯ µW¯ ν ` 720pn´ 4qW¯ µW¯µ∇¯νW¯ ν
ı
(179)
It can be easily seen that the first three terms are Weyl invariant and the rest vanish in
n “ 4 so that the counterterm is Weyl invariant in four dimensions as expected. Note
that we do not make use of the equations of motion in order to proof that the counterterm
is Weyl invariant, it is then invariant off-shell.
Let us discuss an interesting fact. If we take the one parameter family of gauges
χ “ ∇¯µW µ ´ 2αW¯µW µ “ 0 (180)
The usual gauge used also in QED corresponds to α “ 0 and the Weyl invariant one to
α “ 1. This is the most general gauge condition with less than two derivatives that makes
the operator minimal. The heat kernel coefficient reads
tr a2 ´ 2tr agh2 “
1
p4piq2
1
360
”
2pn´ 17qR¯2µνρσ ´ 2pn´ 92qR¯2µν ` 5pn´ 14qR¯2 `
`120pn´ 8qpn´ 4qα4W¯ αW¯αW¯ βW¯β ´ 120pn´ 4qα2∇¯µW¯ ν∇¯µW¯ν ´
´360pn´ 4qα2R¯µνW¯ µW¯ ν ` 720pn´ 4qα3W¯ µW¯µ∇¯νW¯ ν ` 120pn´ 4qα2R¯W¯ αW¯α
ı
(181)
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so that our conclusions still hold; the counterterm is Weyl invariant for n “ 4 (even off-
shell) for the whole family of gauges. In fact, the heat kernel coefficient only makes sense
in n “ 4 so that for all this family of gauge fixings the counterterm just reads
Γ8rg¯µν , W¯µs “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
1
360
`´26R¯2µνρσ ` 176R¯2µν ´ 50R¯2˘ (182)
Just as a side note, the BRS symmetry is given by
sWµ “ Bµc
sB “ 0
sc “ 0
sc¯ “ ´iB (183)
Introducing sources
LJ ”
a
|g| `JµWµ ` ξ¯c` c¯ξ˘ (184)
The (abelian) Slavnov-Taylor identity is easily obtained by performing a BRS transfor-
mation of the path integral; it reads in this case
ż
dpvolq
"
δ
δWµpxqB
µ cpxq ´ i δ
δc¯pxqBpxq
*
Γ rWµ, c¯, c, Bs “ 0 (185)
where Γ rWµ, b, cs is the effective action involving ghostly backgrounds as well as gauge
ones.
A.4 Scalar field with dynamical quadratic gravity
We are analyzing the global Weyl invariant action
Squad “
ż
dnx
a
|g|
„
plϕq2 `R2µν ´
1
2
R2

(186)
After the background field expansion, the quadratic piece of the action takes the form
S2 “
ż
dnx
?
g¯
“
hαβMαβγǫh
γǫ ` hαβNαβϕ` ϕKϕ
‰
(187)
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where
Mαβγǫ “ κ2
”1
4
g¯αβl¯∇¯γ∇¯ǫ ` 1
4
g¯γǫ∇¯α∇¯βl¯ ´ 1
4
g¯αγ∇¯β∇¯ǫl¯ ´ 1
4
g¯αγ∇¯ǫ∇¯βl¯ ` 1
4
δαγ,βǫl¯
2
´1
4
g¯αβ g¯γǫl¯
2 ´ λ“´ 1
2
δαγ,βǫl¯ ` 1
6
`
g¯αγ∇¯β∇¯ǫ ` g¯αǫ∇¯β∇¯γ ` g¯βγ∇¯α∇¯ǫ ` g¯βǫ∇¯α∇¯γ
˘`
`1
6
`
g¯αγ∇¯ǫ∇¯β ` g¯αǫ∇¯γ∇¯β ` g¯βγ∇¯ǫ∇¯α ` g¯βǫ∇¯γ∇¯α
˘´ 1
6
`
g¯µν∇¯γ∇¯ǫ ` g¯γǫ∇¯α∇¯β
˘ ‰
`L2“´ 4
9
δαγ,βǫ ` 1
9
g¯αβ g¯γǫ
‰`
`1
8
pg¯αβ g¯γǫ ´ g¯αγ g¯βǫ ´ g¯αǫg¯βγq pl¯ϕ¯q2 ` 1
4
pg¯αγ g¯βǫ ` g¯αǫg¯βγq
“pl¯ϕ¯q2 ` ∇¯λϕ¯∇¯λl¯ϕ¯‰`
`1
4
g¯αβ g¯γǫ
`
∇¯λϕ¯l¯ϕ¯∇¯
λ ´ ∇¯τ ϕ¯∇¯τ∇¯λϕ¯∇¯λ ´ ∇¯τ ϕ¯∇¯λϕ¯∇¯τ∇¯λ
˘`
`1
4
g¯αβ
`
∇¯γϕ¯∇¯ǫl¯ϕ¯` ∇¯γϕ¯∇¯λϕ¯∇¯ǫ∇¯λ ` ∇¯γϕ¯∇¯ǫ∇¯λϕ¯∇¯λ
˘`
`1
4
g¯γǫ
`
∇¯αϕ¯∇¯βl¯ϕ¯` ∇¯αϕ¯∇¯λϕ¯∇¯β∇¯λ ` ∇¯αϕ¯∇¯β∇¯λϕ¯∇¯λ
˘´
`1
4
g¯αβ
`
∇¯ǫϕ¯∇¯γl¯ϕ¯` ∇¯ǫϕ¯∇¯λϕ¯∇¯γ∇¯λ ` ∇¯ǫϕ¯∇¯γ∇¯λϕ¯∇¯λ
˘`
`1
4
g¯γǫ
`
∇¯βϕ¯∇¯αl¯ϕ¯` ∇¯βϕ¯∇¯λϕ¯∇¯α∇¯λ ` ∇¯βϕ¯∇¯α∇¯λϕ¯∇¯λ
˘´
´1
2
`
g¯αγ∇¯βϕ¯∇¯ǫl¯ϕ¯` g¯αǫ∇¯βϕ¯∇¯γl¯ϕ¯` g¯βγ∇¯αϕ¯∇¯ǫl¯ϕ¯` g¯βǫ∇¯αϕ¯∇¯γl¯ϕ¯
˘`
`∇¯α∇¯βϕ¯∇¯γ∇¯ǫϕ¯` 1
4
p∇¯βϕ¯∇¯γ∇¯ǫϕ¯∇¯α ` ∇¯αϕ¯∇¯γ∇¯ǫϕ¯∇¯β ` ∇¯ǫϕ¯∇¯α∇¯βϕ¯∇¯γ
`∇¯γϕ¯∇¯α∇¯βϕ¯∇¯ǫq ´ 1
8
p∇¯βϕ¯∇¯ǫϕ¯∇¯α∇¯γ ` ∇¯αϕ¯∇¯ǫϕ¯∇¯β∇¯γ ` ∇¯βϕ¯∇¯γϕ¯∇¯α∇¯ǫ `
`∇¯αϕ¯∇¯γϕ¯∇¯β∇¯ǫ ` ∇¯βϕ¯∇¯ǫϕ¯∇¯γ∇¯α ` ∇¯αϕ¯∇¯ǫϕ¯∇¯γ∇¯β ` ∇¯βϕ¯∇¯γϕ¯∇¯ǫ∇¯α
`∇¯αϕ¯∇¯γϕ¯∇¯ǫ∇¯βq ´ 1
8
p∇¯γϕ¯∇¯β∇¯ǫϕ¯∇¯α ` ∇¯γϕ¯∇¯α∇¯ǫϕ¯∇¯β ` ∇¯αϕ¯∇¯β∇¯ǫϕ¯∇¯γ `
`∇¯ǫϕ¯∇¯α∇¯γϕ¯∇¯β ` ∇¯ǫϕ¯∇¯β∇¯γϕ¯∇¯α ` ∇¯ǫϕ¯∇¯α∇¯γϕ¯∇¯β ` ∇¯αϕ¯∇¯β∇¯γϕ¯∇¯ǫ `
`∇¯γϕ¯∇¯α∇¯ǫϕ¯∇¯βq ´ λ
12
p2pg¯αγ∇¯βϕ¯∇¯ǫϕ¯` g¯βγ∇¯αϕ¯∇¯ǫϕ¯` g¯αǫ∇¯βϕ¯∇¯γϕ¯` g¯αγ∇¯βϕ¯∇¯ǫϕ¯q
´pg¯γǫ∇¯αϕ¯∇¯βϕ¯` g¯αβ∇¯γϕ¯∇¯ǫϕ¯qq
ı
Nαβ “ κ2
”
´ g¯αβ
`
l¯ϕ¯l¯ ` ∇¯λl¯ϕ¯∇¯λ ` ∇¯λϕ¯∇¯λl¯
˘` ∇¯αl¯ϕ¯∇¯β ` ∇¯βl¯ϕ¯∇¯α ` ∇¯βϕ¯∇¯αl¯ `
`∇¯βl¯ϕ¯∇¯α
ı
K “ κ2l¯2
(188)
In order to gauge fix the diffeomorphism invariance, we take
Sgf “ κ2
ż
d4x
a
|g|χµGµνχν (189)
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where
χµ “ ∇ρhρµ ´
1
2
∇µh´ 2ϕ∇¯µϕ¯
Gµν “ 1
2
p´gµνl ´∇µ∇ν `∇ν∇µq (190)
In constant curvature spacetimes we have
Sgf “
ż
dnx
?
g¯
”
hαβM
gf
αβγǫh
γǫ ` hαβNgfαβϕ` ϕKgfϕ
ı
(191)
and the gauge fixing operators take the form
M
gf
αβγǫ “ κ2
”
´ 1
4
g¯αβl¯∇¯γ∇¯ǫ ´ 1
4
g¯γǫ∇¯α∇¯βl¯ ` 1
4
g¯αγ∇¯β∇¯ǫl¯ ` 1
4
g¯αγ∇¯ǫ∇¯βl¯ ` 1
8
g¯αβ g¯γǫl¯
2 `
´λ“ 1
12
g¯αβ g¯γǫl¯ ´ 1
3
δαγ,βǫl¯ ´ 1
6
`
g¯αγ∇¯β∇¯ǫ ` g¯αǫ∇¯β∇¯γ ` g¯βγ∇¯α∇¯ǫ ` g¯βǫ∇¯α∇¯γ
˘´
´1
6
`
g¯αγ∇¯ǫ∇¯β ` g¯αǫ∇¯γ∇¯β ` g¯βγ∇¯ǫ∇¯α ` g¯βǫ∇¯γ∇¯α
˘` 1
6
`
g¯µν∇¯γ∇¯ǫ ` g¯γǫ∇¯α∇¯β
˘ ‰`
`λ2“8
9
δαγ,βǫ ´ 2
9
g¯αβ g¯γǫ
‰ı
N
gf
αβ “ κ2
«
g¯αβ
`
l¯ϕ¯l¯ ` l¯∇¯λϕ¯∇¯λ ` ∇¯λϕ¯∇¯λl¯ ` l¯2ϕ¯` 2∇¯λ∇¯τ ϕ¯∇¯τ ∇¯λ ` 2∇¯λl¯ϕ¯∇¯λ
˘´
´ `l¯∇¯αϕ¯∇¯β ` ∇¯βϕ¯∇¯αl¯ ` ∇¯α∇¯βl¯ϕ¯` ∇¯α∇¯βϕ¯l¯ ` 2∇¯λ∇¯αϕ¯∇¯β∇¯λ ` 2∇¯α∇¯β∇¯λϕ¯∇¯λ˘
´ `l¯∇¯βϕ¯∇¯α ` ∇¯αϕ¯∇¯βl¯ ` ∇¯β∇¯αl¯ϕ¯` ∇¯β∇¯αϕ¯l¯ ` 2∇¯λ∇¯βϕ¯∇¯α∇¯λ ` 2∇¯β∇¯α∇¯λϕ¯∇¯λ˘
ff
Kgf “ κ2 “´2∇¯λϕ¯ `∇¯λϕ¯l¯ ` 2∇¯τ∇¯λϕ¯∇¯τ ` l¯∇¯λϕ¯˘‰ (192)
With these, we can compute the total piece of the quadratic action which yields
S2 ` Sgf “
ż
d4x
?
g¯ ΨA
`
CAB l¯
2 `DµνAB ∇¯µ∇¯ν `HµAB ∇¯µ ` YAB
˘
ΨB (193)
with
ΨA “
ˆ
hαβ
ϕ
˙
ΨB “
ˆ
hγǫ
ϕ
˙
CAB “ κ2
˜
1
8
p´g¯αβ g¯γǫ ` g¯αγ g¯βǫ ` g¯αǫg¯βγq 0
0 1
¸
CAB “ 1
κ2
¨˝
´ 4pn´ 2q g¯αβ g¯γǫ ` 2 pg¯αγ g¯βǫ ` g¯αǫg¯βγq 0
0 1
‚˛ (194)
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The components of the rest of the operators read
D
µν
hh “ κ2
«
´ λ
4
ˆ
1
3
g¯αβ g¯γǫ ´ 5
3
pg¯αγ g¯βǫ ` g¯αǫg¯βγq
˙
g¯µν ´ 1
4
g¯αβ g¯γǫ∇¯
νϕ¯∇¯µϕ¯
` 1
8
g¯αβ
`
δνǫ ∇¯
µϕ¯∇¯γϕ¯` δνγ∇¯µϕ¯∇¯ǫϕ¯` δµǫ ∇¯νϕ¯∇¯γϕ¯` δµγ ∇¯νϕ¯∇¯ǫϕ¯
˘`
` 1
8
g¯γǫ
`
δνα∇¯
µϕ¯∇¯βϕ¯` δνβ∇¯µϕ¯∇¯αϕ¯` δµα∇¯νϕ¯∇¯βϕ¯` δµβ∇¯νϕ¯∇¯αϕ¯
˘´
´ 1
8
`
δµαδ
ν
γ∇¯βϕ¯∇¯ǫϕ¯` δµβδνγ∇¯αϕ¯∇¯ǫϕ¯` δµαδνǫ ∇¯βϕ¯∇¯γϕ¯` δµβδνǫ ∇¯αϕ¯∇¯γϕ¯
`δµγ δνα∇¯βϕ¯∇¯ǫϕ¯` δµγ δνβ∇¯αϕ¯∇¯ǫϕ¯` δµǫ δνα∇¯βϕ¯∇¯γϕ¯` δµǫ δνβ∇¯αϕ¯∇¯γϕ¯
˘ ff
D
µν
hϕ “ κ2
„
g¯αβ∇¯
µ
∇¯
νϕ¯´ g¯µν∇¯α∇¯βϕ¯´ 1
2
`
δµα∇¯β∇¯
νϕ¯` δµβ∇¯α∇¯νϕ¯` δνα∇¯β∇¯µϕ¯` δνβ∇¯α∇¯µϕ¯
˘
D
µν
ϕh “ κ2
„
g¯γǫ∇¯
µ
∇¯
νϕ¯ ´ g¯µν∇¯γ∇¯ǫϕ¯´ 1
2
`
δνǫ ∇¯
µ
∇¯γϕ¯` δνγ∇¯µ∇¯ǫϕ¯` δµǫ ∇¯ν∇¯γϕ¯ ` δµγ ∇¯ν∇¯ǫϕ¯
˘
Dµνϕϕ “ ´2κ2g¯µν∇¯λϕ¯∇¯λϕ¯ (195)
For HµAB we have
H
µ
hh “ Hµϕϕ “ 0
H
µ
hϕ “ ´Hµϕh “
κ2
2
“
δ
µ
βl¯∇¯αϕ¯` δµαl¯∇¯βϕ¯´ λpg¯αβ∇¯µϕ¯´ δµβ∇¯αϕ¯´ δµα∇¯βϕ¯q ` 2g¯αβ∇¯µl¯ϕ¯
´2g¯αβl¯∇¯µϕ¯´ 2∇¯α∇¯β∇¯µϕ¯` 2∇¯µ∇¯α∇¯βϕ¯
‰
(196)
And finally, the operator containing the terms without derivatives takes the form
Yhh “ κ2
«
1
8
pg¯αγ g¯βǫ ` g¯αǫg¯βγq pl¯ϕ¯q2 ` 1
4
pg¯αγ g¯βǫ ` g¯αǫg¯βγq ∇¯λϕ¯∇¯λl¯ϕ¯` 1
8
g¯αβ g¯γǫpl¯∇¯µϕ¯∇¯µϕ¯
´∇¯µl¯ϕ¯∇¯µϕ¯q ` 1
8
g¯αβ g¯γǫ∇¯λ∇¯τ ϕ¯∇¯
λ
∇¯
τ ϕ¯` 1
4
g¯αβ∇¯γϕ¯∇¯ǫl¯ϕ¯` 1
4
g¯γǫ∇¯αϕ¯∇¯βl¯ϕ¯´
´1
2
`
g¯αγ∇¯βϕ¯∇¯ǫl¯ϕ¯` g¯αǫ∇¯βϕ¯∇¯γl¯ϕ¯` g¯βγ∇¯αϕ¯∇¯ǫl¯ϕ¯` g¯βǫ∇¯αϕ¯∇¯γl¯ϕ¯
˘`
´1
4
pg¯αβ∇¯γ∇¯µϕ¯∇¯ǫ∇¯µϕ¯` g¯γǫ∇¯α∇¯µϕ¯∇¯β∇¯µϕ¯q ´ 1
8
pg¯αβ∇¯γϕ¯l¯∇¯ǫϕ¯` g¯γǫ∇¯αϕ¯l¯∇¯βϕ¯q
`1
4
p∇¯α∇¯γϕ¯∇¯β∇¯ǫϕ¯` ∇¯α∇¯ǫϕ¯∇¯β∇¯γϕ¯q ` 1
2
∇¯α∇¯βϕ¯∇¯γ∇¯ǫϕ¯` λ2
ˆ
4
9
δαγ,βǫ ´ 1
9
g¯αβ g¯γǫ
˙
´ λ
12
p2pg¯αγ∇¯βϕ¯∇¯ǫϕ¯` g¯βγ∇¯αϕ¯∇¯ǫϕ¯` g¯αǫ∇¯βϕ¯∇¯γϕ¯` g¯αγ∇¯βϕ¯∇¯ǫϕ¯q ´ pg¯γǫ∇¯αϕ¯∇¯βϕ¯
`g¯αβ∇¯γϕ¯∇¯ǫϕ¯qq ` 1
4
g¯αβ∇¯ǫϕ¯∇¯γl¯ϕ¯` 1
4
g¯γǫ∇¯βϕ¯∇¯αl¯ϕ¯´ 1
8
pg¯αβ∇¯ǫϕ¯l¯∇¯γϕ¯` g¯γǫ∇¯βϕ¯l¯∇¯ǫϕ¯q
ff
Yhϕ “ “ Yϕh “ ´λ κ
2
12
pl¯ϕ¯` 14∇¯α∇¯βϕ¯q
Yϕϕ “ 2κ2∇¯λ∇¯τ ϕ¯∇¯τ∇¯λϕ¯ (197)
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We need to compute the expansion coefficient giving the infinite part of the one-loop
effective [26]
tr a2 px, xq “ 1p4piq2 tr
"
1
180
`
2R¯2µνρσ ´ 2R¯2µν ` 5R¯2
˘
1`
`1
6
WµνW
µν ´ Y ´ 1
6
DµνR¯µν ` 1
12
DR¯ ` 1
48
D2 ` 1
24
DµνDµν
*
(198)
where the field strength is defined through
r∇¯µ, ∇¯νshαβ “ W αβρσµνhρσ (199)
Then in this case, we find
tr a2 “ 1p4piq2
«
λ2
n
1620pn´ 2q2
`´13n5 ` 793n4 ´ 3653n3 ` 3210n2 ` 8100n´ 8248˘`
` npn ` 2q
6
∇¯λϕ¯∇¯
λϕ¯∇¯τ ϕ¯∇¯
τ ϕ¯` λn
3 ´ 4n2 ` 20n´ 56
18pn´ 2q ∇¯λϕ¯∇¯
λϕ¯´
´ n
3 ´ 5n2 ` n` 8
n ´ 2 ∇¯λl¯ϕ¯∇¯
λϕ¯` pn´ 4q
n´ 2 l¯∇¯λϕ¯∇¯
λϕ¯
` ´3n
3 ` 2n2 ` 4n` 24
6pn´ 2q pl¯ϕ¯q
2 ` 2n
3 ` 12n2 ´ 56n` 48
12pn´ 2q ∇¯λ∇¯τ ϕ¯∇¯
λ
∇¯
τ ϕ¯
ff
(200)
where we have particularized for constant curvature spaces.
The ghost action for the previous gauge fixing is
SDgh “
ż
d4x
a
|g|C¯αMαβCβ (201)
where
Mαβ “ Gαλ
„
δχλ
δhµν
`
g¯µβ∇¯ν ` g¯νβ∇¯µ
˘` δχλ
δC
∇¯βϕ¯

(202)
Given that,
δχα
δhµν
“ 1
2
`
g¯µα∇¯ν ` g¯να∇¯µ ´ g¯µν∇¯α˘
δχλ
δC
“ ´2∇¯λϕ¯ (203)
and
Mαβ “ ´gαβl¯2 `RλαRλβ ´ R¯τβαλ∇¯λϕ¯∇¯τ ϕ¯` l¯p∇¯αϕ¯∇¯βϕ¯q (204)
the ghost action takes the form
SDgh “
ż
d4x
a
|g|C¯α “´gαβl¯2 `RλαRλβ ´ R¯τβαλ∇¯λϕ¯∇¯τ ϕ¯` l¯p∇¯αϕ¯∇¯βϕ¯q‰Cβ
(205)
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Finally, the heat kernel coefficient coming from the ghost action is
tr aghD2 px, xq “
1
p4piq2
n
1620
`
49n2 ´ 82n` 1680˘λ2 ´ λ
180
∇¯µϕ¯∇¯
µϕ¯ (206)
In constant curvature spaces and for n “ 4 we obtain
Γ8rg¯µν , ϕ¯s “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
«
398λ2
45
` 61λ
90
∇¯µϕ¯∇¯
µϕ¯` 4∇¯µϕ¯∇¯µϕ¯∇¯νϕ¯∇¯νϕ¯`
`2∇¯µl¯ϕ¯∇¯µϕ¯` 1
45
l¯∇¯µϕ¯∇¯
µϕ¯´ 10pl¯ϕ¯q2 ` 271
45
∇¯µ∇¯νϕ¯∇¯
µ
∇¯
νϕ¯
ff
(207)
Finally, on-shell this reduces to
Γ8rg¯µν , ϕ¯s “ 1pn´ 4q
ż
dnx
a
|g¯| 1p4piq2
«
398λ2
45
` 61λ
90
∇¯µϕ¯∇¯
µϕ¯ ` 4∇¯µϕ¯∇¯µϕ¯∇¯νϕ¯∇¯νϕ¯
ff
(208)
It is clear that this counterterm is globally Weyl invariant. The anomaly is nothing but
the finite part of the counterterm.
34
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